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Supersonic Flux-Split Procedure for
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A finite volume procedure which combines flux-difference splitting and flux-vector splitting is presented in this
paper. The diffusive fluxes are treated explicitly to preserve the upwinding structure of the split Euler fluxes. This
procedure is extended in this paper from its essentially laminar or eddy viscosity form to include the equations
for the six components of the Reynolds stress tensor and an additional equation for the solenoidal dissipation. The
models used for the unclosed terms are presented as are the extensions of the numerical procedures to cover the
turbulence equations. To validate the proposed procedures, a compressible turbulent flow over a flat plate at Mach
number MOO = 2.87 and Reynolds number per unit length Re/mof6.5X 107 was calculated and compared with
experimental measurements. Also simulated was the case when the foregoing boundary-layer flow was made to
pass over a ramp. A strong adverse pressure gradient case in which boundary-layer thickness-to-curvature ratio
(8/Rc) is 0.1 was considered. In this case, the supersonic turbulent boundary layer experiences the combined
effects of an adverse pressure gradient, bulk compression, and concave streamline curvature. For the various tests,
the results obtained from our calculations are in agreement with the experimental measurements.

I. Introduction

IT seems that the computational fluid dynamics (CFD) approach
to generate engineering design data is slowly gaining the ac-

ceptance of designers of aerodynamic systems. The potential of this
approach to revolutionize aircraft analysis is exemplified by impres-
sive calculations such as those of vortex asymmetry in a high-angle-
of-attack flow about a body in supersonic and subsonic flow1 and
the complex flows over ogive-cylinder impinging shock-expansion
flows.2 Unfortunately, many aerodynamic systems of interest in-
volve turbulent or transitional flows and, because of our inadequate
knowledge of these phenomena, the realization of the potential of
CFD is severely hampered. Moreover, for realistic systems, turbu-
lence investigation approaches such as direct numerical simulation
(DNS) are quite inappropriate, because of the high-computational
cost. Also, the large eddy simulation (LES) method has not matured
to a level where it can be used to generate engineering design data
for realistic problems. Thus, turbulence modeling appears to be the
most feasible approach to obtain design data.

Turbulence models tend to be hierarchical. Exemplifying the zero-
equation types is the Baldwin and Lomax model3; an approach
that has received a lot of attention from the aerodynamic com-
munity, but one whose applicability is limited in complex, sepa-
rated flow situations. The problem with this approach is the uni-
versal near-wall length formulation. One-equation models, which
are the next in the hierarchy, also have limitations that limit their
applicability in complex engineering systems. Two-equation mod-
els, of which k-€ and k-co are the most popular are, in prin-
ciple, more general and have been used, although with limited
success, in predicting three-dimensional flows, including shock-
wave/boundary-layer interactions. However, two-equation methods
have an inherent weakness which stems from the assumption that
the Reynolds stress tensor is aligned with the mean strain tensor.
With this kind of assumption one does not expect to accurately
model normal stresses and, consequently, two-equation models give
poor predictions of turbulence production and pressure strain when
used for flows where the normal stresses are important such as
nonparallel flows.4
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Although improvements are constantly being suggested,2 the ba-
sic problem with the two-equation approach remains unresolved.
Thus, inspite of the higher cost, it seems that second-moment
closures might be needed to solve many of the complicated en-
gineering flow problems (see Lee et al.4 and the references therein).
We are also interested in second-moment calculations because they
provide more data for fundamental studies, compared to the lower
order closures. An example of such data is the structural parameter
(defined later in this paper), which is important in studies of coher-
ent structures in supersonic turbulent boundary layers.5 Because the
normal stresses are involved, we do not expect current two-equation
models to give reasonable calculation of this quantity.4

Until recently, turbulence modeling efforts were concentrated on
incompressible flows. But attempts to apply variable density exten-
sions of these incompressible models to compressible flows have
not been successful,6 implying the need for explicit compressibility
terms in the models. The failure of two-equation models in predict-
ing the von Karman constant K in compressible flows has been
discussed,7 and an expression for the dependence of K on turbu-
lent Mach number Mt has been suggested.7 Also, it is now believed
that, in second-moment closures, pressure dilatation pujj == p9
terms (0 is fluctuating dilatation) must be added explicitly, for any
chance to simulate realistic high-speed aerodynamic systems.8"11

Further, for zero pressure gradient turbulent boundary layer (TBL),
and perhaps for some other flows, the density gradient contribution
to pO is indispensable for ensuring proper van Driest scaling of
fluctuations and mean velocity in the inertial sublayer. In the pres-
ence of wall heat transfer, proper modeling of p9 might be needed
to obtain the correct dependence of skin friction Cf on the wall
temperature.11

Other explicit effects of_compressibility includes the dilatational
dissipation 6S = (4/3)vO2 (Refs. 6 and 12) which, studies have
shown, must be included to obtain a growth rate (vs convective
Mach number Mc) for compressible shear layers that agrees with
experiments such as those of Papamoschu and Roshko.13 Other roles
have been attributed to 6S in a turbulent boundary layer.11 Underpre-
diction of flow separation and overprediction of heat transfer rate
near reattachment regions have been observed when the k-€ or k-a)
model is used in complex supersonic and hypersonic flows.2 Con-
trol of turbulence length scale was necessary to obtain reasonable
results for these cases.

Aside from the fact that turbulence models on their own have
not always worked well, we are finding out from our studies that the
choice of numerical method might be a crucial factor for a successful
implementation of a particular turbulence model. There are multi-
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tudes of numerical schemes, with varying degrees of efficiency, and
the choice among them is not an easy task. For example, options
include the flux-difference split (FDS) schemes (such as those of
Roe,14 Harten and Lax,15 and Rusanov16) and the flux-vector split
(FVS) schemes,17-18 as well as central-difference schemes.19'20 Of
these, Roe's method has been shown to be the most accurate and the
one that gives the sharpest shock resolution.21 For example, one-fifth
to one-half as many points were required to resolve a shear layer
using Roe's fluxes in a first-order scheme, compared to using other
fluxes in second- or even third-order schemes. This would seem to
be quite important, especially in three-dimensional flows, where a
large payoff might be gained by the use of fewer points. However,
all of the three schemes have defects. The basic Roe scheme could
produce entropy-violating solutions,22 and it has a slower conver-
gence compared to FVS.23 On the other hand, FVS tends to be too
diffusive,23 whereas the central difference schemes usually involve
the explicit addition of dissipation—with the attendant issue of "how
much is enough at a location."

Upwinding is pursued in this paper. Our approach combines the
two flux-splitting schemes to utilize the best of these two meth-
ods; that is, faster convergence, in the case of FVS, whereas, for
FDS, more accurate results and sharp resolution of shocks.23"25 It
is especially important to note that the hybrid scheme has a faster
convergence than the fully FDS approach, for reasons explained in
Simpson and Whitfield.23 This scheme will be used in the frame-
work of a node-implicit, finite volume, lower-upper procedure. We
have been motivated to pursue this hybrid procedure by the excel-
lent performance that has been observed on a variety of complex
aerodynamic flows, including Euler and Navier-Stokes equations,
steady and truely transient calculations, and stationary and dynamic
grids.1'23"25 However, the experience with this approach has been
limited to laminar or eddy viscosity flows. A contribution of the
present paper is the extension of the method to include the equations
for the six components of Reynolds stress tensor plus an additional
equation for turbulent dissipation. Models for the unclosed terms in
the turbulence equations are presented, as are the extensions of the
flux-splitting procedure to handle the moment equations. Results
show accurate turbulence calculations when the numerical scheme
is applied to zero pressure gradient turbulent boundary layer5 and to
a turbulent boundary layer experiencing the combined effects of an
adverse pressure gradient, bulk compression, and concave stream-
line curvature.26'27

Finally, the paper by Lee et al.4 is relevant to the present one,
although there are significant differences. For example, we use the
full three-dimensional Navier-Stokes equations, whereas Lee et al.4
used the two-dimensional boundary-layer equations. Thus, we can
potentially address more complicated geometries, such as those in-
volving viscous/inviscid interaction and large curvature. The nu-
merical methods are also different: marching (parabolic) approach
in Lee et al.4 but flux-splitting up winding approach in the present
calculations.

The mean equations are presented in Sec. II. This is followed in
Sec. Ill by the turbulence closure models. The numerical procedure
is contained in Sec. IV, results in Sec. V, and a summary of our work
in Sec. VI.

II. Governing Equations
The mean flow equations, following Reynolds- and Favre-

averaging procedures, can be written as

dq
(1)

where q is the vector of conserved variables, or

P
pu\

q= (2)
pu3
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In the preceding, an overbar indicates the mean relative to
Reynolds averaging, with a double prime for the fluctuation. A
tilde and a single prime are the corresponding notations for Favre-
averaging. Also, */ are the coordinate directions, t is time, p is
density, w/ are the velocities in the three coordinatejiirections, and
E is total energy, with the turbulent energy flux E'u'k defined as

E'u'k = CvT'u'k + ujU
f
kufj + (u'ju'ju'k/2)

Here, p is mean pressure. The equation of state is

p = (y - l)[pE - \puiUi - |p«X']

The mean viscous stress tensor a// is approximated as

_ / d w / diij\ 2_8uk
0ij = Ml T— + -r— ~ T^T~^Vy dxj dxt J 3 dxk

and qk is the mean heat flux

Finally, r// is the Reynolds stress tensor, pu^u'-.

III. Turbulence Models

(5)

(6)

(7)

(8)

The terms -pu^u'j, 0"ku", p"u'k, T'u'k, and u'jUfjUk/2 in the mean
equations are not known or expressible in terms of the solution
variables. Thus, models have to be given to assign values to them
or to express them in terms of the solution variables. Reynolds-
and Favre-averaged transport equations are solved for the Reynolds
stress tensor, for which the equations are given by

(9)
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where

Tijk = p»u'fik) - (*&»

In Eq. (9), from left to right, we have the time rate of change of
the Reynolds stress at a fixed point, the net convection of Reynolds
stress by the mean flow to the fixed point, local production (P/7-) of
Reynolds stress, local pressure strain (n/7-), net diffusive transport
(Tijk,k) of Reynolds stress to the fixed point, local dissipation tensor,
and local pressure dilatation. The last four terms are the "production"
of Reynolds stress at the fixed point by Favre- (mass-) averaged
velocity. In these equations, the following terms are closed: the
time rate of change of the Reynolds stress, the convective term,
and the production term. Whereas, the terms n,-7-, Tijktk, e/y, and the
pressure dilation and the mass-averaged velocity terms are unclosed.

Some of the unclosed terms in these equations are modeled using
the variable density extension of the incompressible models whereas
explicit compressible models are required for others. More details
are now provided on the various models used.

A. Solenoidal Dissipation and Dissipation Rate Equation
Sarkar et al.28 and Zeman12 have suggested that, for large

Reynolds number compressible flows, dissipation e consists of two
parts,

€ = €.y + €d (10)

where ey represents the solenoidal dissipation and €d represents the
compressible dissipation,

(ID€x =

Here, d" = u"kk is the fluctuating dilatation, and CD" =
represents the fluctuating vorticity. The term €ijk is the permutation
tensor. Models for £j are based on the assumption that compressible
dissipation is a function of the turbulent Mach number. Zeman's
approach assumes the existence of shock-like structures embedded
within the energetic turbulent eddies, whereas Sarkar et al.28 use
low-Mach number asymptotics to obtain a scaling relation. With
Sarkar et al.,28 ed = M2ex, where Mt — q/c1 is the turbulent Mach
number, c is the speed of sound = V/P/p, and q is a velocity
scale characteristic of turbulence (defined later). Zeman's model is
more general as it incorporates intermittency and dependence on y,
the ratio of specific heats. One form of Zeman's model is

where ed = 0 if Mt* < M,0, with M,0 = 0.2, aM = 0.66, cd =
0.75, and M?* = ^[2/(y + 1)]M,. The results presented here were
obtained using the approach of Sarkar et al.28

The transport equation we have used for the solenoidal dissipation
is based on a variable density extension of the incompressible model
in Hanjalic and Launder29

«3xk

€S . ~ d i _ 6= -C€l-pu \u'.— - -C€2p^-
. k J 3xj k

—— I Cf — u', u', —- I
3xk\ e, * I3xtj

(12)

where the constants are Ce = 0.18, C6i = 1.44, and C€2 = 1.9.
Wall value for e, is (e,)u; = 2v(3k^/dy)2.

The model we have used for the dissipation rate tensor is30

jfx + f (1 - fg)k8ij]€t = (13)

where fs is a function of the turbulent Reynolds number Rt = &2/ve
and is given by /, = [10/(10 + Rt)]. This model contracts to 2e at
the wall, meaning that it has the correct asymptotic behavior at the
wall.

B. Pressure Strain
Many options exist for modeling the pressure-strain correlation

(Fl//) (Refs. 4, 3 1 , and 32), but the more popular model by Launder,
Reece, and Rodi32 (LRR) is used. A model for the fast term by
Lee et al.4 might be more suitable as it incorporates the effect of
Mach number. However, it has not been calibrated for many flows
in comparison to the LRR models. The more simple isotropization
of production (IP) model of LRR is used,

btj - C2[Pjj - (14)

slow term fist term

where by is the anisotropy tensor, given by

bij = ffij/q2) ~ (*y/3)

and q2 = u'kuk = 2k denotes the trace of the Reynolds stress tensor.
Here, k is kinetic energy of turbulence. We include wall (echo)
effects in the pressure strain by assuming the model in Launder and
Shima33

(16)
where the slow wall correction term D^.1 is given by

and the fast wall correction term n^'2 is given by

(17)

(18)

The near- wall damping function / is normalized to unity in the fully
turbulent region of a turbulent boundary layer. The quantity yn is the
normal distance to the wall. The quantity / represents the turbulent
length scale of the flow which is estimated to be

Launder and Shima have shown the near- wall damping function /
to be

/(//?„) = 0.41 (*! /€yn)

The constants C{ and C'2 are CJ = 0.5 and C'2 = 0.3.

C. Transport Terms
The transport term 7} ,̂* consists of three parts,

Tijk,k = Cijk,k + Eijk,k ~~ ^ijk,k

turbulent diffusion pressure diffusion viscous diffusion

(19)

The model for the triple correlation, (Cijkyk) = pu\u'.n!k, is

Ciik-k = - c '
(20)

The model coefficient C, is 0.018. We will assume that pressure
diffusion effects are included in the model for the triple correlation,
as did Hanjalic and Launder.29 The various other models proposed
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for pressure diffusion have not performed significantly better than
the one used here.34

The viscous diffusion term is modeled according to Launder and
Shima,33 and is given by

(21)

D. Mass-Averaged Fluctuating Velocity _
The Favre-averaging procedure introduces the quantity wj , which

does not appear in the incompressible form of the Reynolds transport
equation. Gradient transport is assumed,

dp
peap

(22)

In this equation qrs is the vector of the unknown stresses given by

qrs =

pu\u'2
pu(u'3
pu'2u'2
pu'2u'3

is the tensor of convective terms given by

The model constant C^ = 0.09 is taken from Sarkar and Laksh-
manan,6 whereas the turbulent Schmidt number ap = 0.1.

E. Unclosed Terms in the Mean Energy Equation
The turbulent quantities that need to be closed in the mean energy

equation are

u'jU'jU'k/2, T'n1
k

From the definition of the transport term in the Reyjiolds stress
transport equation, the quantities cr"ku", p"u"k, and u'jU'jUf

k/2 can be
combined to yield

a/t«J - p"u"k - («X<4/2) = -(Tjjt/2)

Thus the modelsjn Sec. III.C are applicable.
Concerning T'u'k, evolution equations can be written11 which in-

troduce three additional transport equations. For simplicity, we are
using a gradient transport6 as

(23)

where aT = 0.7 is the turbulence Prandtl number.
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Srsi and SrS2 are source vectors given by
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0

F. Pressure Dilatation _
The model used in our code for pO is taken fromZeman.11 How-

ever, for the calculations presented in this paper, p9 effects are not
significant and are omitted in the governing equations given subse-
quently. A more significant role of pO is expected at higher Mach
numbers and/or larger heat fluxes than those considered in this paper.

With the foregoing, the final form of the turbulence equations can
be written as

(24)

and D* is the tensor of diffusive terms

-T

—T\i2 —Tm

—T222 —T22i
— T232 —7233

—7-332 -7-333

A-/7.1 A-s7,3.
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where

r\ r^ P / / / v' "--v , / / " '-•v
A-.v7,3 = C 6—— U^——— + «2W3 ——— •

Initial conditions and boundary conditions will be discussed under
specific sample calculations.

IV. Numerical Procedure
A cell-centered finite volume formulation is used, where the vec-

tor of dependent variables q or qrs is assumed to "reside" at the
centroid of the cell. Following the finite volume procedures, we can
discretize Eq. (1) as

(25)

where A#" = qn+l - qn, F = &nk, Fv = Gk
vn\ and S is the area

of a cell face, with an outward normal, nk.
Beam and Warming35 linearization gives

(26)

In the FDS scheme, the exact Jacobian of the Roe matrix is ex-
pensive to compute whereas approximated Jacobians have been ob-
served to give poor convergence, compared to FVS.23 In the present
work, the FVS scheme is used to evaluate the Jacobians in the im-
plicit part (left-hand side) of the matrix equation (31). The Euler
flux Fn in the residual part (right-hand side) is computed using the
FDS scheme.

For the FVS technique,

(F±)"+1 = (F±)n + (A±Aq)n (27)

where the plus and minus signs indicate evaluation based on the
positive and negative eigenvalues of matrix (A), respectively. In
terms of the centroid values, surface quantities are approximated,
as an example, by

(A- (28)

The diffusive fluxes do not contain information on wave propaga-
tion. Therefore, the upwinding structure of the split (Euler) matrices
will be destroyed if the diffusive terms are treated implicitly. Thus,
they are linearized as

(29)

and treated explicitly, to preserve the upwinding scheme. For high-
Reynolds number flows, Gatlin36 has shown that this linearization
is stable for CFL numbers to as high as 15.

For FDS via Roe splitting,37 the flux at the surface is evaluated as

(30)

Here, Xk are the characteristic wave speeds of the Riemann problem
and ak represent the projection of A# onto the eigenvectors of Roe's
approximate Jacobian. Rk are the right eigenvectors of Roe's matrix.
The fluxes F/+IJ,*, and Fjjjk and in Eq. (30) are evaluated using
the conserved variables qi+ij-k and #,-,_/,*, respectively. Following
Frink,38 the sum ̂  a* [A* \Rk is written in terms of five flux jumps,
AF*, each associated with a distinct eigenvalue Xk of Roe's matrix.
In our procedure, the mean flow equations are segregated from the
turbulence equations. That is, at a time step we first solve the (5 x 5)
matrix system for the mean flow variables at a node, for all nodes

in the mesh. We then follow with the solution of the (7 x 7) system
for the turbulence equations before proceeding to the next time step.
LU decomposition of the mean flow equations, using the two-pass
algorithm gives the following.

1) Forward sweep:

(31)

where

(32)

and [•] indicates that, for example, the term (A+)jI_1JJtS/_!jM op-
erates on (Agr")/_i )7?jt- The unknown in this equation is Aw, which
is obtained by solving a sparse block lower tridiagonal matrix with
forward substitution. Because boundary conditions are treated ex-
plicitly, Aw" is set to zero at the left and bottom boundaries of the
domain.

2) Backward sweep:

= AW" (33)

In Eq. (33), a sparse upper tridiagonal matrix is solved using back-
ward substitution. At the right and top boundaries of the domain,
Aqn is set to zero for the same reason given earlier.

3) Update solution:

qn+l = qn + Aqn (34)

For the turbulence equations, the analogous equations to
Eqs. (31), (33), and (34) are

1) Forward sweep:

= (At/V)R"a

where

K.=

(35)

2) Backward sweep:

= AH-" (37)
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3) Update solution:

0» = i

V. Results

(38)

The performance of the schemes presented in this paper was in-
vestigated extensively by comparing the calculations with known
benchmarks for laminar and turbulent flows. For laminar tests we
calculated the shock tube problem and supersonic laminar boundary-
layer flow. The benchmark input conditions in Sod39 were used for
the shock tube tests, and the three coordinate directions were tested,
one coordinate at a time. Excellent agreement was found in compari-
son with the results obtained by Steger and Warming18 and by Roe,40

as the results lie on the same curves (Fig. 1). The present schemes
seem to give accurate calculations compared with the various finite
difference schemes investigated in Sod.39 For example, whereas
the MacCormack and Lax-Wendroff schemes produce oscillations
behind the shock and shock transition occupies about 10 cells, in
the present work the shock occupies roughly 3-5 cells with no
oscillations.

We also compared our calculation of Carter's problem (Shakib41)
for laminar supersonic flow over a flat plate at M^ = 3 with Carter's
own calculations and the finite element calculations by Shakib.41

The agreement was excellent for the quantities compared. The mo-
tivation for the laminar tests of our code was not to validate the
schemes used, since this has been done elsewhere,1'23"25 but to de-
tect programming errors and build confidence in the procedures. The
code was subsequently validated for second-moment calculations,
as described subsequently.

The compressible turbulent flow over a flat plate was one of the
problems chosen to validate our code for turbulent calculations. We
compare our results with those by Spina and Smits,6 who carried out
a fundamental study of this problem, using experimental measure-
ments. The Reynolds number per unit length, Re/m, is 6.5 x 107,
and MOO = 2.87. Mean flow and turbulence data along the plate are
available in Ref. 42.

The dynamic viscosity is assumed to depend only on temperature,
and to obey the Sutherland law:

The constant S^ = 1.454 x 10~6 is based on the value of ^ at a
temperature of 100 K.

The boundary conditions for this problem are as follows.
Upstream:

(x = 0, y)

p = 0.8478 kg/m3

pu\ =479kg/m2s

pu2 = 0 kg/m2s

pE = 193,988.13 N/m2

pufr'j = 0 N/m2

p€s — 0 kg/ms3

CO
c
<D

•

<D
v.
Q.

>^

"o
O LEGEND

• = velocity
O = density
D =pressure

0.00 0.25 0.50
x-location

0.75 1.00

Fig. 1 Shock tube test problem showing the distribution of velocity u, density p, and pressure//; symbols are the computed results, solid lines are the
correct benchmark solutions in Sod.39
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1.25

Fig. 2 Profile of mean Mach number for supersonic turbulent boundary layer flow with zero pressure gradient.

Plate:

(0 < jc < 0.5, y = 0)

pu\ = Okg/m2s

pu2 = 0 kg/m2s

= 0 N/m3

pu'.u'. = ON/m2

m2/s3

Finally, the condition of zero normal gradients of the con-
served variables is specified at the freestream and downstream
boundaries.

As is often the case in near-wall turbulence calculations, nu-
merical experiments were needed to determine the grid required
to resolve the viscous sublayer, y+ — Avaii^r/AWi < 30 (where
the friction velocity ur = Vawaii/Avail) and the cell aspect ratio
Si+Ljtk/Sij+^tk for stable calculations. For the various turbulence
calculations, we observed very good convergence when 1) the cen-
troid of the first cell along the plate is located such that y+ ~ 1, 2)
approximately 25 cells are used below y+ = 50, and 3) cell aspect
ratio is as large as 2500. With the proper initial conditions (next
paragraph), the calculations are fairly insensitive to the grid used.
The mesh used for this test consists of 171 grid points in the x di-
rection and 71 exponentially varying grid points in the y direction.
The centroid of the first cell along the plate is located at y+ ~ 0.35.

Concerning initial conditions, a generalization of the procedure
reported for k-6 models by Gerolymos43 is used. Our procedure
consists of estimating initial mean velocity profile between y = 0
and y = 8 by using the ^ power law, estimating initial mean density

from Crocco's theorem, and using equilibrium conditions in De-
muren and Sarkar44 to determine initial stress levels. This seems to
work very well. The initial external turbulence intensity is assumed
to be 0.1%.

We compared the results at locations jc = 0.3 m and ;c = 0.5 m
along the plate and find the differences to be small; results are pre-
sented for jc = 0.5 m.

The behavior of the boundary layer in the mean is compared
in Figs. 2 and 3 for the profiles of the Mach number and mass
flux (pui/pooUit00). Agreement between the present work and ex-
perimental results is evident. Next, the velocity profile is mapped
into the incompressible plane with the van Driest transformation45

or
1

== sii ' - B

-f sin~

where
'(TTO)] (40)

B = ̂ - + A2 -

The subscripts e and w refer to properties taken at the edge of the
boundary layer and at the wall, respectively. Figure 4, which contains
the log-law plot at x = 0.5 m, shows a very good agreement with
the experimental results of Spina.

In Fig. 5 we present the computed near-wall energy budget (again
at x = 0.5 m), nondimensionalized by pw4/vwaii- The calculations
agree with those reported by Grasso and Falconi.46 Further, we cal-
culated an approximate value ofJX3 across the boundary layer for
the structural parameters* = —u^u^/u^u^. This value is essentially
the same as that reported by Jayaram et al.26 for the upstream (zero
pressure gradient) portion of a Mach 2.87 turbulent boundary layer
over a concave surface curvature (see next paragraph).

As a final demonstration of the potential usefulness of the pro-
cedures presented in this paper we will discuss the calculation of
a supersonic turbulent boundary layer experiencing the combined
effects of an adverse pressure gradient, bulk compression, and con-
cave streamline curvature.26'27 These effects result from flows over
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Fig. 3 Profile of mass flux pu\ /pui,oo for supersonic turbulent boundary layer flow with zero pressure gradient.
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Fig. 4 Profile of log-law velocity u+ after Van Driest transformation, for supersonic turbulent boundary layer flow with zero pressure gradient.

short regions of concave surface curvature. The upstream of the
ramp consists of a Mach 2.87 boundary layer with a thickness of
8 = 0.025 m. The total pressure is 6.9 x 105 N/m2 and the Reynolds
number is 6.3 x 107/m. The strong adverse pressure gradient case
in which boundary-layer thickness-to-curvature ratio (8/Rc) is 0.1
is calculated.

The predictions are compared with experimental measurements in
Figs. 6-9, where we show the wall pressure Pw/p^and skin friction
Cf as functions of jc/5, and the normal stress pu^/p^u2^ and the
shear stress —pu'v'/p^u1^ as functions of y/8 for x/8 & 0.5, 1,
and 2. The predicted results for the various quantities compared
show reasonable agreement with the experimental measurements.

The exception is the shear stress result for x/8 & 2, y/8 < 0.8,
where a significant deviation can be observed. The precise cause
of the disparity is not known, but it does not appear to be numer-
ical. Finally, comparisons were drawn between the present work
and those in Lee et al.,4 in the introductory section of this paper.
We will like to point out that, relative to the experimental measure-
ments, the pressure and skin friction results from our calculations
are better than those reported by Lee et al., although more stud-
ies are needed for a conclusive statement. For reasons of space, the
comparison exercise is not presented; the interested reader can make
the assessment by comparing our results with the published work of
Lee et al.
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Fig. 5 Near-wall energy budget for supersonic turbulent boundary layer flow with zero pressure gradient.
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Fig. 6 Normalized wall pressure as a function of x for supersonic tur-
bulent flow over a ramp; symbols are experimental measurements, solid
lines are computed results.

Fig. 8 Normalized shear stress as a function of x/6 andy/6 for super-
sonic turbulent flow over a ramp; symbols are experimental measure-
ments, solid lines are computed results.
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Fig. 7 Skin friction as a function of x for supersonic turbulent flow
over a ramp; symbols are experimental measurements, solid lines are
computed results.

Fig. 9 Normalized shear stress as a function of x/6 and y/6 for super-
sonic turbulent flow over a ramp; symbols are experimental measure-
ments, solid lines are computed results.
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A. Computing Performance
For turbulence calculations involving the mean flow equations,

the six equations for the second moments, and an additional one
for dissipation, speed of computation is 0.00394 s/time step/cell on
the IBM RS/6000 Model 530. This is approximately four times the
CPU time for supersonic laminar flow and nine times that for the
shock tube problem.

VI. Summary
The present work can be summarized as follows:
1) A numerical procedure for the full three-dimensional Navier-

Stokes equations in which FVS and FDS are combined and the
viscosity terms treated explicitly is presented in this paper. The
procedure obviates the need for an explicit dissipation to control
nonlinear stability. It also exploits the sharp shock resolution ca-
pability of approximate Riemman solvers as well as the relatively
fast convergence of flux vector splitting methods. Very accurate
calculations of laminar supersonic flows were observed, using the
full Navier-Stokes equations. This conclusion is based on previous
results1'23"25 and the test problems in this paper.

2) In this work we have extended the foregoing approach to in-
clude the equations for the six components of the Reynolds stress
and an additional equation for turbulence dissipation. Comparison of
our turbulent calculations with recent experimental measurements
of a Mach 2.87 supersonic turbulent boundary layer by Spina and
Smits6 show a reasonable agreement for the quantities compared.
We also calculated a supersonic turbulent boundary layer experi-
encing the combined effects of an adverse pressure gradient, bulk
compression, and concave streamline curvature.26-27 The agreement
with the experimental measurements was also very reasonable. The
foregoing should establish the procedures presented in this paper as
a viable one for supersonic turbulent flows.
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